Vector Derivation of Large-scale Vorticity Equation

Start with the large-scale equation of motion using pressure as the vertical co-
ordinate,
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Expand the total derivative,
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Label each term: A B C D E

Next, operate on each term (A through E) with k -V, x
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Term B:

Use the identity,
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So,
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Use the identity,
VxV4 = 0,

and,
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k-V,x (term B) = k-V,x (gkxﬁ).
Use another identity,
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Vpx(é’l;xﬁ) = JIE(VP-V) - V(Vp-é'l;)
Or,

V X\ kxP) = ke (v, ) - PV, -Ck) - (ck-v,) 7+ 7V ¢) k.
Do a k dot both sides of this equation,

Dr. W. A. Fingerhut's class notes - All rights reserved



kv x(ckxV) = kkc (v, 7) - k-V(V,-¢k) -
CEv,))Ev+ (7-v,¢)kk
Since
K-V =0
£V, <l kx) = ¢ (v, 7) + 7-9,¢)
Term C:

Use the distributive law,

i o) - | oV ov
k-Vx|lo—| =k |Vox— + oV x—|
) ap p ﬁp P ﬁp
Or, ) .
A vy - ov| - oV
k-Vx|lo—|=k |Vox—|+k |0V x—|.

p ap p ap

Changing the order of the partial differentiation in the last term,
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Or,
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Term D:
Use an identity,

Or,
lz-Vpx (—fExV) =
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BV, x [rkx?) = - (v, -7) - P9, )7
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Term E:
K-V x (-v g) = 0,
using an identity.

Putting all the terms together,
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or,
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Since f does not change with time or p,
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Finally, the vorticity equation is scaled for synoptic-scale circulations. The
twisting term, the product of relative vorticity and horizontal divergence, and
the vertical advection of absolute vorticity are neglected. Thus, the scaled
vorticity equation is
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