Derivation of the Circulation Theorem

The circulation, C, around a three dimensional volume bounded by a smooth
surface, is defined as,
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To explore how the circulation changes with time, take the total derivative with
respect to time. When differentiating the RHS, use the product rule,
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Parts of terms in the second integral look like,
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Thus,
§(udu + vdv + wdw) = .5 §(du2 + dv’ + a’wz).

Since the line integral of an exact differential is zero, the second line integral in
equation (1) is zero, and
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Next, substitute for the accelerations from the unscaled equation of motion.
Ignoring friction, and grouping similar terms together,
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If the change of pressure with time is small compared with changes associated
with other independent variables, then the first line integral on the RHS becomes

_ §ap
%

Dr. W. A. Fingerhut's class notes - All rights reserved



The second line integral involves just geometry, albeit a bit involved. It can be
shown to be
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where F is the area projected on the equatorial plane by a volume of
atmosphere.

The third line integral is zero, because it is the line integral of an exact
differential.

Thus, the Circulation Theorem is
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